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Introduction

We provide generalizations of LeCam’s randomization criterion and related results which we call black-box criteria. The emphasis lies on the mathematical
structure of these theorems and the extension of the results to the non-stochastic
case of operators on Hilbert spaces. Our framework is the general setting of locally convex spaces. The applications we present range from the comparison
of adapted statistical experiments to the wave equation. Concrete applications
of our results in theoretical statistics are not in the focus of the paper, but
applicability of our results to hidden Markov models and asymptotic statistics
is indicated by the examples and remarks in chapter 6. We regard the paper to
be primary a contribution to (applied) functional analysis.
We start our investigations with Theorem 2.1 which we call the (classical)
randomization criterion. We call theorems analogous to Theorem 2.1 (for example in the adapted case) randomization criteria. Theorem 2.1 converts comparisons of statistical experiments based on the risks of randomized decision
rules with values in arbitrary decision spaces to a comparison based on the L1
or variational distance of randomizations of these experiments. (This will be
discussed in more detail at the end of section 2.)
In the literature the randomization criterion is stated as an equivalence of
several (but not always the same number of) conditions including the converse
of Theorem 2.1. (Compare with [1], [2] [3], [11], [6] and [12].) We remark that
only the part of the randomization criterion displayed as Theorem 2.1 is non
trivial. For the sake of completeness we prove the converse of Theorem 2.1 by
proving the converse of the more general Theorem 5.2 in the end of section 5.
It is possible to formulate a statement (Theorem 2.2) that is mathematically equivalent to the randomization criterion (Theorem 2.1) which does not
involve arbitrary decision spaces. We will call theorems that are analogous to
Theorem 2.2 black-box criteria. We provide a categorical result (Theorem 3.1)
revealing the general equivalence between randomization criteria and black-box
criteria. We provide a version of the randomization criterion (Theorem 5.2) as
well as a version of the black-box criterion (Theorem 5.1) for adapted experiments. For filtered experiments, which are special cases of adapted experiments,
a randomization criterion has been proved in [5].
It is very useful to keep in mind the following interpretation when dealing
with black-box criteria: Consider one statistical experiment as a collection of
initial states of a system and the other experiment as a collection of final states.
The black-box is the unknown mechanism governing the evolution of the system. Our aim is to obtain an approximation of this mechanism. In the case of
statistical experiments the approximate mechanism is modelled by a stochastic
operator.
We remark that the converse of the various black-box criteria is always trivial
and included in the general functional analytic Theorem 4.3 as the implication
(v) ⇒ (iii). With the exception of Theorem 4.3 randomization criteria as well
as black box criteria are formulated as theorems of the form A ⇒ B with trivial
converse and not as equivalences of various statements.
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There also exist black-box criteria for operators between Hilbert spaces (Theorem 7.1) and thus for dynamical systems described by generalized wave equations or other partial differential equations. In these cases the black-box is an
operator between Hilbert spaces that is related to the differential operator. We
will solely consider the case of the generalized wave equations (Theorem 7.3).
In this case the Hilbert space norm of the solution at time t has a natural
interpretation related to the energy of the wave. We will discuss this and the
”philosophical” interpretation of the black-box criterion at the end of section 7.).
All the results provided in this paper (except Theorem 8.1) are derived from
a functional analytic result (Theorem 4.3) which can be considered as a very
general version of the black-box criterion (Theorem 2.2). The proof of this result is based on the hyperplane separation theorem, which is equivalent with
the Hahn-Banach theorem. The generalization we obtain is four-fold:
1. The general functional analytic black-box criteria are free from the lattice structure of L- and the dual M -spaces, which are usually involved in the
randomization criterion. This shows that from a mathematical viewpoint a lattice structure is not in the heart of the randomization criterion. (Of course
the lattice structure involved in the randomization criterion is in the heart of
theoretical statics since it is a fundamental structure of L-spaces of statistical
experiments.)
The fact that black-box criteria without lattice structure exist makes it possible to prove results for Operators on Hilbert spaces and thus to investigate
the wave equation (and other partial differential equations) instead of statistical
experiments. We regard this as one of the main findings of our paper. Further
it is possible to reverse the role of the family of stochastic operators and the
statistical experiment.
2. The approach applies to more general loss function spaces, so that the
situation of unbounded loss functions can be handled in the setting of black-box
criteria. This makes it possible to ”compare” (in the sense of black-box criteria)
statistical experiments with respect to their moments, or gives us the possibility to ”compare” statistical experiments with respect to stochastic orders of
distributions since such stochastic orders are often generated by function spaces
consisting of unbounded functions. (See [9], [10] and the example following Theorem B.2 in the Appendix.)
3. The family of loss functions may depend on the parameter.
4. The approach applies to the case of adapted decision problems. In the
case of adapted experiments with bounded loss functions, we obtain randomization criteria as well as black-box criteria. For the filtered situation (which
is a special case of the adapted situation) the randomization criterion obtained
is analogous to results obtained by Norberg ([5] Theorem 1; the result of Norberg includes various equivalent conditions which are important for theoretical
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statistics. Some of these equivalent conditions can also be proved in the adapted
case. We did not prove them since they are not important for the illumination
of the general mathematical structure of randomization criteria and their corresponding black-box criteria).
The paper is organized as follows:
The following diagram illustrates the interdependence of the main theorems
of this paper

5.2
w
w
w
w

2.1

3.1 −→ Remark 6.1 −→ Examples of Section 6
⇓
↑
⇐⇒ 5.1
⇐=
4.3
=⇒ Results of appendix B and C
w
⇓
w
w
4.2 =⇒ 7.1 ⇒ 7.2 ⇒ 7.3
w

⇓
⇐⇒ 2.2 ⇐= 4.1
Diagram 1

In section 2 (The classical randomization criterion) we start with definitions
and considerations concerning statistical experiments, stochastic operators, decision spaces and risk. We present the nontrivial part of LeCam’s randomization
criterion (Theorem 2.1). In our presentation we follow the lines of LeCam [1],
LeCam and Yang [3], Strasser [11], Shiryaev and Spokoiny [6] and Torgersen [12].
All these presentations are essentially equivalent by the Kakutani-representation
theorem for abstract L-spaces (see Torgersen [12] Theorem 5.7.4 and Schaefer [7]
Chapter 5 Section 8.5) and by the equivalence of the description of generalized
decision rules (see Torgersen [12] 4.5).
Next, we present the black-box criterion (Theorem 2.2) corresponding to
Theorem 2.1. We prove the equivalence of Theorem 2.1 and Theorem 2.2.
Theorem 2.2 is our starting point for the abstraction to locally convex spaces
in section 4. Section 2 ends with a discussion of risk, deficiency, and the ∆distance.
In section 3 (The equivalence principle) we prove a categorical result (Theorem 3.1) which serves as a general equivalence principle for black-box criteria
and randomization criteria. In section 5 we demonstrate the broad applicability
of Theorem 3.1; we use it to prove the equivalence of the adapted versions of the
black-box criterion (Theorem 5.1) and the adapted version of the randomization
criterion (Theorem 5.2). We do not discuss the relation of the Theorem 3.1 to
the theorems 2.1 and 2.2 for two reasons: Theorems 2.1 and 2.2 are just special
cases of 5.2 and 5.1; considering the proof of the equivalence of the theorems
2.1 and 2.2 given in section 2 it should be intuitively clear how these theorems
relate to 3.1.
In section 4 (The setting of locally convex spaces) we introduce the notions
of locally convex spaces, dual spaces and polar sets. Our first result in this
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section, Theorem 4.1, abstracts Theorem 2.2 to the situation of locally convex
spaces without additional structure. Theorem 4.3 is the heart of the paper.
It generalizes Theorem 4.1 and implies 5.1, i.e., Theorem 4.3 is an “adapted”
version of Theorem 4.1. With the proof of Theorem 4.3 we complete the proof
of the theorems 2.1, 2.2 and 4.1. The proof of Theorem 4.3 is based on the
separation theorem for convex sets (see Schaefer [7] Chapter 2 Section 9.2).
In section 5 (The case of adapted experiments) we introduce the notion of
adapted statistical experiment and adapted stochastic operator. We conclude
the compactness of the space of adapted stochastic operators from the compactness of the space of stochastic operators (proved in Appendix A). Then we
state and prove Theorem 5.1 which is an adapted version of Theorem 2.2, i.e.,
it is the black-box criterion in the adapted case. We state Theorem 5.2 which
is an adapted version of Theorem 2.1, i.e., it is the randomization criterion in
the adapted case. We investigate in Remark 5.2 why the statement of Theorem
5.2, as well as Norbergs theorem on filtered statistical experiments ([5] Theorem
1), have to be formulated with ba(Ω2 , B) as the possible image of the stochastic
e
operator Se (in contrast to Theorem 2.1 where S(L(E))
⊆ L(F ) can always be
achieved). We then prove the converse of Theorem 5.2. Finally we prove the
equivalence of the theorems 5.1 and 5.2 by our general categorical principle provided in section 3. Generalizations of Theorem 5.1 can be found in Appendix
B. They can be proved analogously to Theorem 5.1. Theorem B.2 in Appendix
B is also interesting in the case that the filtration consists only of one σ-algebra,
since it generalizes the black-box criterion to the case that the family of loss
functions depends on the parameter. Further, Appendix B provides an example
of a ”comparison” (in the black-box sense) of experiments based on stochastic
orders.
In section 6 (Extensions of the theory beyond adaptedness) we investigate
further properties which classes of stochastic operators may posses such that for
these classes of stochastic operators randomization criteria and corresponding
black-box criteria still can be proved. We provide two examples which show
that an extension to other classes than adapted operators is important.
In section 7 (Hilbert spaces, diagonalizable operators and the wave equation)
we state and derive from Theorem 4.2 Theorem 7.1. This is a version of the
black-box criterion for Hilbert spaces. From this theorem, we derive Theorem
7.2, which together with Definition 7.1, provides the right background for our
result on the generalized wave equation. Note that we adjust our definitions in
such a way that we do not have to introduce unbounded operators. (For the
usual development of the theory of self-adjoint differential operators and the
generalized wave equation, which is equivalent to our definitions, consult [14]
Chapter 5.) Further we discuss in section 7 the interpretation of the generalized
wave equation for Laplace operators with variable coefficients and give an interpretation of the Hilbert space norm involved in our theorem as a wave energy.
We conclude section 7 with a statement on the general “philosophical” meaning
of black-box criteria.
In section 8 (The finite dimensional case and Helly’s theorem) we state a
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theorem for the case of finite dimensional vector spaces. This theorem is an
immediate consequence of Helly’s Theorem (see Valentine [13]). It is not a
consequence of our general functional analytic approach. We think that it is
possible to apply the theorem to experiments with finite sample spaces or to
approximations of the wave equation by a difference equation on a finite grid,
but this is beyond the scope of the paper.
In Appendix A we state and prove compactness of the space of stochastic
operators (see also [12] 4.5.13. or compare with [11] 42.3). In Appendix C, we
show that in the black-box criterion the role of the space of operators and the
experiment can be reversed.

2

The classical randomization criterion

We start with some definitions:
Let (Ω, A) be a measurable space. We denote by ca(Ω, A) the space of
bounded countably additive real-valued set-functions on (Ω, A) (i.e. the space
of σ-additive signed measures of bounded variation on (Ω, A)). By ba(Ω, A)
we denote the space of bounded finitely additive real-valued set-functions on
(Ω, A). We denote by k.k the variation norm on ba(Ω, A) defined by:
kµk := 2 · [ sup |µ(A)|] − |µ(Ω)| .
A∈A

If we like to mention the σ-algebra A explicitly we denote the variation norm
by k.kA .
Let further (Pϑ )ϑ∈Θ be a family of probability measures on (Ω, A). Then
we call E := (Ω, A, (Pϑ )ϑ∈Θ ) a statistical experiment. We denote by L(E) the
L-space of the experiment E which is the vector-space of measures defined by
L(E) := {µ ∈ ca(Ω, A) | [ν ∈ ca(Ω, A) and Pϑ ⊥ ν for all ϑ ∈ Θ] =⇒ µ ⊥ ν} .
We denote by ba+ (Ω, A) the positive cone of ba(Ω, A) defined by
ba+ (Ω, A) := {µ ∈ ba(Ω, A) | µ(A) ≥ 0 for all A ∈ A} .
We further define the positive cones of ca(Ω, A) and L(E) by
ca+ (Ω, A) = ca(Ω, A) ∩ ba+ (Ω, A) and L+ (E) := L(E) ∩ ba+ (Ω, A) .
Let E := (Ω, A, (Pϑ )ϑ∈Θ ) and F := (Ω2 , B, (Qϑ )ϑ∈Θ ) be statistical experiments. We say that a linear mapping T : L(E) 7→ L(F ) is a stochastic operator
or a transition (see also [11] 55.2) if
T (L+ (E)) ⊆ L+ (F ) and µ ∈ L(E)+ ⇒ T (µ)(Ω2 ) = µ(Ω).
Analogous we say that a linear mapping T : L(E) → ba(Ω2 , B) [respectively
T : ba(Ω, A) → ba(Ω2 , B)] is a stochastic operator if T (L+ (E)) ⊆ ba+ (Ω2 , B)
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and µ ∈ L+ (E) ⇒ T (µ)(Ω2 ) = µ(Ω) [respectively T (ba+ (Ω, A)) ⊆ ba+ (Ω2 , B)
and µ ∈ ba+ (Ω, A) ⇒ T (µ)(Ω2 ) = µ(Ω)].
Note that any stochastic operator fulfills kT k ≤ 1 with kT k := sup{|T (µ)| |
kµk ≤ 1}. This fact can be obtained using the Jordan decomposition (see [8])
of the finitely [respectively countably] additive measure µ and the properties of
stochastic operators.
We say that a stochastic operator MK is induced by a Markov-kernel
Z
K : Ω × B 7→ IR if [MK (µ)](B) = K(x, B)dµ(x) .
So far we have introduced the notion of statistical experiment and some
abstract spaces related to this notion. Since LeCam-Theory is concerned with
the comparison of statistical experiment based on decisions and risks we have
to introduce further the notions of decision space, decision, loss function and
risk.

Remark 2.1 If we observe the outcome x ∈ Ω of the experiment E we would
like to base a decision d(x) in some measurable space (Ω3 , D) solely on x. So a
deterministic decision rule is an A/D-measurable mapping d : (Ω, A) → (Ω3 , D)
and the space (Ω3 , D) is called a decision space. More general we will consider
randomized decision rules. A randomized decision rule makes a decision not
by selecting a single point d(x) ∈ Ω3 for x ∈ Ω, but by selecting a probability
measure Px on (Ω3 , D). Formally such a randomized decision rule is given by a
Markov-kernel K : Ω × D 7→ IR by Px (D) = K(x, D).
Definition 2.1 Given a D-measurable function f : (Ω3 , D) → IR and a randomized decision rule MK given by a Markov-kernel K, we say that if
Z
Z
Rf,P (MK ) :=
f (y) K(x, dy)dP (x)
x∈Ω

Ω3

exists, then Rf,P (MK ) is the risk (expected loss) of the decision rule MK given
the loss function f and the probability P .
By further abstraction we define
R the risk (risk-function) of a general stochastic operator T to be Rf,P (T ) := f dT (P ). We note that any stochastic operator can be weakly approximated by (a net of) decision rules induced by Markov
kernels (see [12] 4.5.17. or compare with [11] 42.5, or [2] Chapter 1.4 Theorem
1) and thus a stochastic operator can be viewed as a generalized decision rule.
(We will in the next chapter generalize the notion of decision rule further.)
Before we state the classical randomization criterion of LeCam we sketch the
general structure of randomization criteria by a diagram and some comments:
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(Ω3 , D)


M

6
MK

L(E)

- L(F )
M̃
Diagram 2

If we are given a specific set P of properties p which apply to stochastic
operators MK : L(F ) → (Ω3 , D) induced by Markov kernels K as well as to
general stochastic operators M : L(F ) → (Ω3 , D) then the following assertions
are equivalent:
To any p ∈ P and any MK : L(F ) → (Ω3 , D) fulfilling p there
exists an M : L(E) → (Ω3 , D) which also fulfills p.
f : L(E) → L(F ) and a speThere exists a stochastic operator M
.
(ii)
f
cific property p̃(6∈ P!) such that M fulfills p̃

(i)

We will continue the discussion of the abstract structure of the randomization criterion and its relation to the abstract structure of the black-box criterion
in section 3. We apply the result obtained in section 3 to the proof of the equivalence of the theorems 5.1 and 5.2 in section 5.
Note that in the concrete situation of the classical randomization criterion
as well as of the adapted randomization criterion (which includes the filtered
case) the implication (ii) ⇒ (i) of our abstract discussion above is trivial. We
therefore display only the implications (i) ⇒ (ii) and call these implications
randomization criteria (theoremes 2.1 and 5.2). For the sake of completeness
we prove in section 5 also the converse (corresponding to (ii) ⇒ (i) in the abstract discussion above) of Theorem 5.2 which implies the converse of Theorem
2.1.
The above discussion also applies to the results on e-stochastic operators
indicated in section 6.
We state now (the nontrivial part of) the classical randomization criterion
of LeCam (Theorem 2.1).
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Theorem 2.1 Let
E

:=

(Ω, A, (Pϑ )ϑ∈Θ )

F

:=

(Ω2 , B, (Qϑ )ϑ∈Θ )

and

be statistical experiments indexed by the same set Θ and let (εϑ )ϑ∈Θ be an indexed family of reals ≥ 0. Suppose that for any measurable space (Ω3 , D) (the
decision space), any stochastic operator MK : L(F ) 7→ ba(Ω3 , D) which is induced by a Markov-kernel K (the randomized decision rule) and
(I)

for any parameterized family (fϑ )ϑ∈Θ of D-measurable functions
fϑ : Ω3 7→ [−1, +1] (the loss functions)

there exists a stochastic operator M : L(E) 7→ ba(Ω3 , D) such that
Z
Z
fϑ dM (Pϑ ) ≤ fϑ dMK (Qϑ ) + εϑ for all ϑ ∈ Θ .
f : L(E) 7→ L(F ) such that
Then there exists a stochastic operator M
f(Pϑ )k ≤ εϑ
kQϑ − M

for all

ϑ∈Θ.

A mathematically equivalent formulation of Theorem 2.1 is the following
Theorem 2.2. Theorem 2.2 does not involve arbitrary decision spaces; instead it
uses (Ω2 , B) itself as a decision space. We call theorems analogous to Theorem
2.2 black-box criteria.

Theorem 2.2 Let E := (Ω, A, (Pϑ )ϑ∈Θ ) and F := (Ω2 , B, (Qϑ )ϑ∈Θ ) be statistical experiments indexed by the same set Θ and let (εϑ )ϑ∈Θ be a family of
nonnegative real numbers. Suppose that
(II)

for any parameterized family (gϑ )ϑ∈Θ of B-measurable functions
gϑ : Ω2 → [−1, +1]

there exists a stochastic operator S : L(E) 7→ ba(Ω2 , B) such that
Z
Z
gϑ dS(Pϑ ) ≤ gϑ dQϑ + εϑ for all ϑ ∈ Θ .
Then there exists a stochastic operator Se : L(E) 7→ ba(Ω2 , B) such that
e ϑ ) − Qϑ k ≤ εϑ
kS(P

for all

ϑ∈Θ.

We prove now that the theorems 2.1 and 2.2 imply each other. We do this
in both directions by the following general principle: If one wants to show that
a theorem A implies a theorem B one simply shows that the hypotheses of B
imply the hypotheses of A and that the conclusions of A imply the conclusions
of B.

9

We show [Theorem 2.2 ⇒ Theorem 2.1] first:
Let (Ω3 , D) := (Ω2 , B), and let MK be the identical imbedding of L(E) into
ba(Ω2 , B2 ). In this special case the hypotheses of Theorem 2.1 say that:

For any parametrized family (fϑ )ϑ∈Θ of B-measurable functions





 fϑ : Ω2 7→ [−1 + 1] there exists a stochastic operator M such that
Z
Z


f
dM
(P
)
≤
fϑ dQϑ + εϑ for all ϑ ∈ Θ .

ϑ
ϑ



By a change of notation (i.e. gϑ = fϑ and S = M ) we see that these are exactly
the hypotheses of Theorem 2.2. Thus by assumption of the truth of Theorem
2.2 we get that there exists a stochastic operator Se : L(E) 7→ ba(Ω2 , B) such
that
e ϑ ) − Qϑ k ≤ εϑ for all ϑ ∈ Θ .
kS(P
By [11] 41.7 or [12] 4.5.11. there exists a stochastic operator T : ba(Ω2 , B) 7→
L(F ) such that T |L(F ) = idL(F ) . Since T (being a stochastic operator) fulfills
kT k ≤ 1 and the concatenation of stochastic operators is again a stochastic
f : L(E) 7→ L(F ) given by M
f = T ◦ Se
operator we obtain a stochastic operator M
such that
f(Pϑ ) − Qϑ k = k[T ◦ S](P
e ϑ ) − T (Qϑ )k ≤ kT k · kS(P
e ϑ ) − Qϑ k ≤ εϑ
kM
for all ϑ ∈ Θ. 2

We prove now [Theorem 2.1 ⇒ Theorem 2.2].
Let a measurable space (Ω3 , D), a stochastic operator MK : L(F ) 7→ (Ω3 , D)
and a parameterized family (fϑ )ϑ∈Θ of D-measurable functions fϑ : Ω3 7→ [−1, 1]
be given. Suppose that MK is induced by a Markov kernel K : Ω2 × D 7→ [0, 1].
Define functions gϑ for all ϑ ∈ Θ by
Z
gϑ (x) := fϑ (y) K(x, dy)
The gϑ are B-measurable functions on Ω2 with ranges contained in [−1, +1].
Thus by the hypotheses of Theorem 2.2 there exists for our parameterized family
(gϑ )ϑ∈Θ a stochastic operator S : L(E) 7→ (Ω2 , B) such that
Z
Z
gϑ dS(Pϑ ) ≤ gϑ dQϑ + εϑ for all ϑ ∈ Θ
If we let M := MK ◦ S then we obtain for all ϑ ∈ Θ
Z
Z
fϑ dM (Pϑ ) =
fϑ d[MK ◦ S](Pϑ ) =
Ω3

Ω3
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Z

Z

Z
gϑ dS(Pϑ ) ≤

fϑ (y) K(x, dy) [dS(Pϑ )](x) =
x∈Ω2

y∈Ω3

Z

Ω2

Z

Z

gϑ dQ + εϑ =
Ω2

fϑ (y) K(x, dy) dQϑ (x) + εϑ =
x∈Ω2

y∈Ω3

Z
fϑ dMK (Qϑ ) + εϑ .
Ω3

By the arbitrary choice of (Ω3 , D), (fϑ )ϑ∈Θ and MK we see that the hypotheses of Theorem 2.1 are fulfilled. Since we assumed Theorem 2.1 to be
true, the conclusion of Theorem 2.1 also holds. That the conclusion of Theorem
2.1 implies the conclusion of Theorem 2.2 is trivial and thus the implication has
been shown. 2

Remark 2.2 In Theorems 2.1 statement (I) can be replaced by
for any finite set Θ0 ⊆ Θ and any parameterized family (fϑ )ϑ∈Θ0
of D-measurable functions fϑ : Ω3 →
7 [−1, +1].

(I’)

In theorem 2.2 statemtn (II) can be replaced by
(II’)

for any finite set Θ0 ⊆ Θ and any parameterized family (gϑ )ϑ∈Θ
of B-measurable functions gϑ : Ω2 → [−1, +1].

This fact can be interpreted as follows: To consider arbitrary finite sub
experiments (based on an arbitrary finite parameter space Θ0 ⊆ Θ) suffices for
our investigations on risk and decision. We will therefore proceed by stating all
further results including a conditioning on arbitrary finite sub experiments as
indicated by (I’) and (II’). This is in accordance with the presentation of the
results for filtered experiments in [5].
Usually one defines the deficiency δ(E, F ) of the experiment E with respect
to the experiment F and afterwords the ∆-distance to obtain a quantitative
measure of the closeness of experiments. The deficiency δ is defined by
δ(E, F ) := sup sup sup inf sup [Rfϑ ,Qϑ (MK ) − Rfϑ ,Pϑ (M )]
(Ω3 ,D) MK (fϑ )ϑ∈Θ M

ϑ

where the first ”sup” ranges over all decision spaces (Ω3 , D) the second ”sup”
ranges over all stochastic operators induced by Markov kernels K on Ω2 × D
the third ”sup” over all selections (fϑ )ϑ∈Θ of loss functions fϑ on D, the ”inf”
ranges over all stochastic operators from L(E) to ba(Ω3 , D) and the last ”sup”
over the parameters ϑ ∈ Θ. (Rf,P (.) denotes the risk introduced in Definition
2.1.)
By Theorem 2.1 and its (trivial) converse we obtain that the deficiency of E
with respect to F is alternatively given by
f(Pϑ )k .
δ(E, F ) = inf sup kQϑ − M
(iii)
f ϑ∈Θ
M
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Considering (I’) we also obtain
δ(E, F ) := sup sup sup

sup

inf sup [Rfϑ ,Qϑ (MK ) − Rfϑ ,Pϑ (M )]

(Ω3 ,D) MK Θ0 ⊂Θ (fϑ )ϑ∈Θ0 M

ϑ∈Θ0

with the ”sups” and the ”inf” ranging over appropriate spaces.
Considering Theorem 2.2 and (iii) we obtain that another expression for
δ(E, F ) is provided by
δ(E, F ) =

sup inf sup [Rgϑ ,Qϑ (id) − Rgϑ ,Pϑ (S)]

(gϑ )ϑ∈Θ S θ∈Θ

where the first ”sup” is taken over all selections of loss functions on (Ω2 , B) and
the ”inf” taken over all stochastic operators from L(E) to L(F ).
After one has defined deficiencies one defines the ∆-distance (on the space of
experiments with the same index set Θ) by ∆(E, F ) := max{δ(E, F ), δ(F, E)}.
With respect to this distance ∆ one considers convergence of experiments and
defines the limit of a sequence of experiments. A generalization of the deficiencies and the ∆-distance to the filtered case can be found in [5]. A similar
distance concept could be introduced for adapted experiments. We will introduce and discuss a generalization of δ(., .) within the context of experiments and
decision rules endowed with even a richer structure than adaptedness after 6.2.
Although we are not going to discuss asymptotic theory note that a connection
between asymptotic theory and adapted experiments is indicated by example
6.2.

3

The equivalence principle

We prove in this section a categorical theorem that reveals a general principle
concerning the equivalence between randomization criteria and black-box criteria. This categorical result does not only enlighten the equivalence principle but
will also be applied to prove the equivalence in the case of adapted experiments
in section 5.

Definition 3.1 Let a category C consisting of a ”family” Ob(C) of objects
and a ”family” Mor(C) of morphisms be given. We denote by ob◦ with ◦
replaced by any other subscript ”elements” of Ob(C) and by mor◦ with ◦ replaced by any other subscript ”elements” of Mor(C). If morS is a Morphism
then we denote by Ran(morS ) the object which forms the range of morS and
by Dom(morS ) the object which forms the domain of morS . Suppose that
with any obF ∈ Ob(C) there is associated a ”family” Prop(obF ) of properties
p(.) ∈ Prop(obF ) which an ob• ∈ Ob(C) may possess or may not possess, i.e.
p(ob• ) is true or false. Suppose further, that the properties p (with ob• ∈ Ob(C)
~ i.e. p ∈ Ob(C)
~
arbitrary and p ∈ Prop(ob• )) are the Objects of a category C,
which is dual to C in the sense that:
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 with any morK and any p ∈ Prop(Ran(morK )) there is associ~ such that Dom(morp ) = p and
a)
ated a morphism morpK ∈ Mor(C)
K

p
Ran(morK ) ∈ Prop(Dom(morK ))

b)


for any morK and ob• there exists a morphism morK̃ with



 Dom(morK̃ ) = ob• such that for p ∈ Prop(Ran(morK )) we have:





[Ran(morpK )](Dom(morK̃ )) =⇒ [Dom(morpK )](Ran(morK̃ )).

Theorem 3.1 Given Categories C and C~ which fulfill a) and b) (Definition
3.1) and obE , obF ∈ Ob(C) then the following assertions are equivalent:

for any p̂ ∈ Prop(obF ) there exists a morphism morS with



obE = Dom(morS ) such that p̂(Ran(morS ))





implies that
i)







 there exists a morphism morS̃ with obE = Dom(morS̃ ) such that
for all p̃ ∈ Prop(obF ) we have p̃(Ran(morS̃ )).

ii)


for any morK with Dom(morK )
=
obF and any



p
∈
Prop(Ran(mor
))
there
exists
a
morphism
morM such that

K



Dom(mor
)
=
ob
and
p(Ran(mor
))

M
E
M


implies that









 there exists a morphism morS̃ with obE = Dom(morS̃ ) such that
for all p̃ ∈ Prop(obF ) we have p̃(Ran(mors̃ )).

Proof: [ i) ⇒ ii) ]: If we let morK = id, p = p̂ and morM = morS we see
that the hypothesis of ii) implies the hypothesis of i). Since the conclusions of
i) and ii) are equal [ i) ⇒ ii) ] has been proved.
[ ii) ⇒ i) ] (The proof is illustrated by the Diagram below). Since the
conclusion of ii) equals the conclusion of i) it suffices to show that the hypothesis
of i) implies the hypothesis of ii). Thus let morK be an arbitrary morphism
which fulfills Dom(morK ) = obF and let p ∈ Prop(Ran(morK )) be arbitrary.
Let p̂ = Ran(morpK ), let morS fulfill the hypothesis of i), set ob• := Ran(morS )
and let morK̃ be the morphism granted by b). We let morM = morK̃ ? morS .
Then we get from the hypothesis of i) that
true = p̂(Ran(morS )) = p̂(Dom(morK̃ )) = [Ran(morpK )](Dom(morK̃ )).
Thus by b)
true = [Dom(morpK )](Ran(morK̃ )) = p(Ran(morK̃ )) = p(Ran(morM ))
and the hypothesis of ii) is established. [ ii) ⇒ i) ] has been proved. 2
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p

Ran(morM )

3


6




morM 





Ran(morK )
morpK

morK̃



6
morK

?
p̂




obE

-

ob•

obF

morS
Diagram 3

4

The setting of locally convex spaces

In this section we free the black-box criterion from the setting of L-spaces.
To do this it is most comfortable to use the language of the theory of locally
convex topological vector spaces. So we will state and prove in this section
rather abstract theorems but we gain by this abstraction a flexible theory which
can be easily applied to several problems in the next sections. Applicability of
the theorems 4.1 and 4.3 depends only on compactness properties of the space
of mappings (abstracted randomization rules) involved. Thus it is very easy to
apply our locally convex theory to the cases of adapted stochastic operators,
general loss function spaces and operators on Hilbert spaces (theorems 5.1, B.2
and 7.1).
The theorems 4.1 and 4.2 introduce the reader to the black-box criterion in
the setting of locally convex spaces. Theorem 2.2 is derived from Theorem 4.1.
This shows that compactness of the space of abstracted randomization rules is
the property in the heart of Theorem 2.2 as well as in the heart of the equivalent
Theorem 2.1. It further shows in how far the order structure of the L-spaces is
really involved in black-box and randomization criteria.
Next, we state and prove Theorem 4.3. The theorems 4.3 and 4.4 are the
most general versions of the black-box criterion provided in this paper. They
make it possible to deal with parameterized families of loss functions. The theorems 4.1 and 4.2 are special cases of Theorem 4.3. So altogether we provided
a proof of a version (Theorem 2.1) of the classical randomization criterion of
LeCam.
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We introduce some notations and definitions first (See also [7]):
Given a topological space (X, τ ) and a subset Y of X we denote by (Y, τ )
the topological space Y endowed with the relative topology Y inherits from τ .
The term vector space always denotes a vector space over the real field.
Given a vector space W and a vector space topology τ which possesses a
basis consisting of convex sets, then we call (W, τ ) a locally convex space. If we
do not want to mention τ explicitly, we will also write W instead of (W, τ ) for
the topological vector space (W, τ ). We denote by W 0 the topological dual of
(W, τ ). (i.e. the vector space of all τ -continuous linear functionals on W ).
We denote by (W, σ) the vector space W endowed with the weakest topology
σ making all the elements of the topological dual W 0 continuous. Symmetrically
we denote by (W 0 , σ 0 ) the vector space W 0 endowed with the weakest topology
making all the elements of W to continuous linear functionals on (W 0 , σ 0 ). We
note that (W, σ) and (W 0 , σ 0 ) are locally convex spaces. We further note that
the topological dual of (W 0 , σ 0 ) is the space W (See [7] Chapter 4 Section 1.2).
Thus the relation between (W, σ) and (W 0 , σ 0 ) is completely symmetric and we
write hw0 , wi for the value the functional w0 (.) takes on at w, or equivalently
the functional w(.) takes on at w0 . To ease notation we will often not mention
the vector space topology explicitly and will write W instead of (W, τ ) and W 0
instead of (W 0 , σ 0 ). We will speak of the locally convex space W and its weak
dual W 0 .
Let M ⊆ W or N ⊆ W 0 , then we let
M ◦ := {w0 ∈ W 0 | hw0 , wi ≤ 1 if w ∈ M }

and

N ◦ := {w ∈ W | hw0 , wi ≤ 1 if w0 ∈ N } .
We call M ◦ the polar of M and N ◦ the polar of N . By N ◦◦ we denote the
polar of the polar of N (also
Q called the bipolar of N).
Further we
denote
by
ξ∈Ξ Wξ the product of the topological vector spaces
L
Wξ and by ξ∈Ξ Wξ the direct sum of the vector spaces Wξ . By card(Ξ) we
denote the cardinality of a set Ξ.

Theorem 4.1 Let V be a set and let W be a locally convex space. Let G ⊆ W
be given such that G is closed, convex and contains 0. Let L be a compact convex
subset of (W 0 )V endowed with the product topology. Let Θ be an index set. Let
(vϑ )ϑ∈Θ be a family of points in V and let (wϑ )ϑ∈Θ be a family of points in W 0 .
Let (εϑ )ϑ∈Θ be a family of reals εϑ ∈ [0, ∞). Suppose that for any finite subset
Θ0 ⊆ Θ and for any family (gϑ )ϑ∈Θ0 of functionals gϑ ∈ G there exists an l ∈ L
such that for all ϑ ∈ Θ0 we have:
h l(vϑ ) − wϑ , gϑ i ≤ εϑ .
Then there exists an l ∈ L such that for all ϑ ∈ Θ we have:
sup h l(vϑ ) − wϑ , gϑ i ≤ εϑ .
gϑ ∈G
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The theorem remains true if we replace the points wϑ by compact convex
sets Kϑ ; i.e. we have

Theorem 4.2 Let V be a set and let W be a locally convex space. Let G ⊆ W
be given such that G is closed, convex and contains 0. Let L be a compact convex
subset of (W 0 )V endowed with the product topology. Let Θ be an index set and
let (vϑ )ϑ∈Θ be a family of points in V and (Kϑ )ϑ∈Θ be a family of compact
convex subsets of W 0 . Let (εϑ )ϑ∈Θ be a family of reals εϑ ∈ [0, ∞). Suppose
that for any finite subset Θ0 ⊆ Θ and for any family (gϑ )ϑ∈Θ0 of functionals
gϑ ∈ G there exists an l ∈ L such that for all ϑ ∈ Θ0 we have:
inf h l(vϑ ) − wϑ , gϑ i ≤ εϑ .

wϑ ∈Kϑ

Then there exists an l ∈ L such that for all ϑ ∈ Θ we have:
inf ( sup h l(vϑ ) − wϑ , gϑ i) ≤ εϑ .

wϑ ∈Kϑ gϑ ∈G

We prove now [Theorem 4.1 ⇒ Theorem 2.2]
For this let Mb denote the vector space of bounded B-measurable real valued functions on (Ω2 , B) endowed with (the topology induced by) the supremum
norm.R Let σ 0 be the topology which Mb induces on ba(Ω2 , B) by the mappings
µ 7→ m dµ with m ∈ Mb . Then ba(Ω, B) endowed with σ 0 is the weak dual of
the locally convex space Mb . From Lemma A2 of the appendix we obtain that
the space of stochastic operators from L(E) to ba(Ω2 , B) is a compact convex
subset of (ba(Ω2 , B), σ 0 )L(E) . The set {m ∈ Mb | −1 ≤ m ≤ 1} is a closed
convex subset of Mb .
Consider now Theorem 4.1 in the following special case:
Let V denote the space L(E), let W be the space Mb endowed with the
supremum norm. Let G := {m ∈ Mb | −1 ≤ m ≤ 1}, let vϑ = Pϑ and let
wϑ = Qϑ . Denote by L the space of stochastic operators from L(E) to ba(Ω2 , B).
In the special case we consider the hypotheses of Theorem 2.2 imply the
hypotheses of Theorem 4.1. The conclusion of Theorem 4.1 is in this special
case equivalent with the conclusion of Theorem 2.2. Thus Theorem 4.1 in fact
implies Theorem 2.2. 2

Theorem 4.3 Let Ξ be a set and let (Wξ )ξ∈Ξ be a family of locally convex vector spaces. Let (Gξ )ξ∈Ξ be a family of sets withQGξ ⊆ Wξ and let (εξ )ξ∈Ξ be a
family of real numbers εξ ∈ [0, ∞). Let K, J ⊂ ξ∈Ξ Wξ0 .
Suppose that the following hypotheses are fulfilled:
Q
(i) K and J are compact, convex subsets of ξ∈Ξ Wξ0 .
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(ii) The sets Gξ are closed, convex and contain 0.
Then the following hypotheses are equivalent:
(iii) For any finite Ξ0 ⊆ Ξ and for any selection (gξ )ξ∈Ξ0 of functionals gξ ∈ Gξ
there exists (k, j) ∈ K × J such that for all ξ ∈ Ξ0 we have
h j(ξ) − k(ξ) , gξ i ≤ εξ .
(iv) For any finite Ξ0 ⊆ Ξ, for any selection (gξ )ξ∈Ξ0 of functionals gξ ∈ Gξ
there exists (k, j) ∈ K × J such
P that for any indexed family (αξ )ξ∈Ξ0 of
real numbers with αξ ≥ 0 and ξ∈Ξ0 αξ ≤ 1 we have
X

αξ · h j(ξ) − k(ξ) , gξ i ≤

ξ∈Ξ0

X

αξ · εξ .

ξ∈Ξ0

(v) There exists (k, j) ∈ K × J such that for all ξ ∈ Ξ
sup (h j(ξ) − k(ξ) , gξ i) ≤ εξ .
gξ ∈Gξ

fξ by
Proof of Theorem 4.3 We define for all ξ ∈ Ξ sets G
fξ := 1 Gξ
G
εξ
[
fξ :=
G
n Gξ
n∈IN

if

εξ > 0

if

εξ = 0 .

With these definitions the hypothesis (iii), [resp. (iv) or (v)] becomes equivalent with the following hypothesis (iii0 ) [resp. (iv 0 ) or (v 0 )].
fξ
(iii0 ) For any finite Ξ0 ⊆ Ξ and for any selection (geξ )ξ∈Ξ0 of functionals geξ ∈ G
there exists (k, j) ∈ K × J such that for all ξ ∈ Ξ0 we have
h j(ξ) − k(ξ) , geξ i ≤ 1 .
fξ
(iv 0 ) For any finite Ξ0 ⊆ Ξ, for any selection (geξ )ξ∈Ξ0 of functionals geξ ∈ G
there exists (k, j) ∈ K × J such
P that for any indexed family (αξ )ξ∈Ξ0 of
real numbers with αξ ≥ 0 and ξ∈Ξ0 αξ ≤ 1 we have
X

αξ · h j(ξ) − k(ξ) , geξ i ≤ 1 .

ξ∈Ξ0

(v 0 ) There exists (k, j) ∈ K × J such that for all ξ ∈ Ξ
sup (h j(ξ) − k(ξ) , geξ i) ≤ 1 .

fξ
geξ ∈G
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So the statement of Theorem 4.3 is equivalent with the statement that under
the hypotheses (i) - (ii) the hypotheses (iii0 ) - (v 0 ) are equivalent.
It is immediate that (iii) implies (iv) [or equivalently that (iii0 ) implies
(iv )] and also that (v) implies (iii) [or equivalently that (v 0 ) implies (iii0 )]. So
to prove the theorem it remains only to show that (iv) implies (v). This is done
indirect by proving that the negation of (v 0 ) implies the negation of (iv 0 ).
0

The negation of (v 0 ) is the following statement:
For any (k, j) ∈ K × J there exists a ξ ∈ Ξ such that






sup (h j(ξ) − k(ξ) , geξ i) > 1 .

(1)





fξ
geξ ∈G

By hypothesis (i) we have that.
(J − K) is a compact convex subset of

Y

Wξ0 .

ξ∈Ξ

(2)

◦

fξ are closed convex subsets of W 0 , the set
Since the sets G
ξ
Y ◦
Y
fξ is a closed convex subset of
G
W 0.
ξ

ξ∈Ξ

ξ∈Ξ

With the notations introduced (1) can be reformulated as
Y ◦
fξ ∩ (J − K) = ∅.
G
ξ∈Ξ

(3)

(4)

From (2) - (4) and the separation theorem for convex sets (see [7] chapter
II,
9.2)
we conclude that there exists a continuous linear functional f 6= 0 on
Q
0
W
ξ and a constant γ such that
ξ∈Ξ
Y ◦
fξ ) < γ < f (J − K) and
f(
G
(5)
ξ∈Ξ

since 0 ∈

Y

fξ
G

◦

we get in addition that γ > 0.

ξ∈Ξ

(6)

The dual of ξ∈Ξ Wξ0 is algebraically isomorphic with
ξ∈Ξ Wξ (see [7]
chapter IV, 4.3). Thus (and since f 6= 0) our functional f can be represented
in the form
X
f ((wξ )ξ∈Ξ ) =
fξ (wξ )
(7)
Q

L

ξ∈Ξ0

for some finite nonempty set Ξ0 ⊆ Ξ and a family of continuous linear functionals fξ ∈ Wξ with fξ 6= 0 for ξ ∈ Ξ0 .
Let Ξ00 := {ξ ∈ Ξ0 | supg∈G
fξ ◦ fξ (g) > 0} and define reals αξ by
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αξ := sup
fξ
g∈G

◦

fξ (g)
γ

for ξ ∈ Ξ00 .

(8)

From (5) - (8) we obtain that
αξ > 0 for ξ ∈ Ξ00 and that

X

αξ < 1.

(9)

ξ∈Ξ00

Further, if Ξ00 6= Ξ0 , we define
P
1 − ξ∈Ξ0 αξ
0
αξ :=
card(Ξ0 \ Ξ00 )

for ξ ∈ Ξ0 \ Ξ00 .

(10)

By (9) and (10) we get that
αξ > 0 for ξ ∈ Ξ0 and

X

αξ ≤ 1.

(11)

ξ∈Ξ0

We define linear functionals gξ by
gξ (.) :=

fξ (.)
.
γ · αξ

(12)
◦◦

fξ in the case that ξ ∈ Ξ0 . From
We obtain from (8) and (12) that gξ ∈ G
0
fξ (g)
the fact that ξ ∈ Ξ0 \ Ξ00 implies that supg∈G
fξ ◦ gξ (g) = supg∈G
fξ ◦ γ·αξ = 0 we
◦◦
fξ in the case that ξ ∈ Ξ0 \ Ξ0 . So together with (ii) and the
get that gξ ∈ G
0
bipolar theorem (see [7] chapt IV, 1.5) we obtain in any case that
◦◦
fξ = G
fξ for ξ ∈ Ξ0 .
gξ ∈ G
(13)
From (5), (7) and (12) we obtain that
X
X fξ (J − K)
γ
> =1.
αξ · gξ (J − K) =
γ
γ
ξ∈Ξ0

(14)

ξ∈Ξ0

By (11), (13) and (14) we thus have found that
there exists a finite set Ξ0 ⊆ Ξ, a selection (geξ )ξ∈Ξ0 of funcfξ and there exists an indexed family (αξ )ξ∈Ξ of
tionals geξ ∈ G
0
P
real numbers with αξ ≥ 0 and ξ∈Ξ0 αξ ≤ 1 such that for any
(k, j) ∈ K × J we have
X
(
αξ · h j(ξ) − k(ξ) , geξ i) > 1 .
ξ∈Ξ0













(15)












The statement (15) is the negation of (iv 0 ) as well as (1) is the negation of
(v ). Since (15) was concluded from (1) we see that (iv 0 ) implies (v 0 ). Thus the
theorem has been proved. 2
0

e our proof of Theorem 4.3 proves also the following
Replacing K × J by K
theorem 4.4.
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Theorem 4.4QTheorem 4.3
true if we replace the compact convex
Q remains
0
0
e ⊂
set
K
×
J
⊂
W
×
W
by
an arbitrary compact convex set K
ξ
ξ∈Ξ
Q
Q ξ∈Ξ 0 ξ
0
W
×
W
.
ξ
ξ
ξ∈Ξ
ξ∈Ξ
We obtain the theorems 4.2 and 4.1 by a proof of:

[Theorem 4.3 ⇒ Theorem 4.2]
We assume that the hypotheses of Theorem 4.2 are true and consider Theorem 4.3 in the following special case:
Let Θ, V , W , G, L, (Kϑ )ϑ∈Θ , (εϑ )ϑ∈Θ and (vϑ )ϑ∈Θ denote the same mathematical objects as in Theorem 4.2. Suppose without loss of generality that Θ
and V are disjoint. Let Ξ = Θ ∪ V . Let Gξ = G for ξ ∈ Θ and Gξ = {0} for
ξ ∈ VQ
. Let εξ ≥ 0Qbe arbitrary for ξ ∈ V and let Wξ = W for all ξ ∈ Ξ. Let
K := v∈V {0} × ϑ∈Θ Kϑ and let
J := {j ∈ (W 0 )Ξ | ∃l ∈ L s.t. v ∈ V, ϑ ∈ Θ ⇒ [j(v) = l(v) and j(ϑ) = l(vϑ )]}
(Note that J is compact since it is a continuous image of L.)
In this special case the hypotheses of Theorem 4.2 are equivalent with the
conjunction of the hypotheses (i),(ii) and (iii) of Theorem 4.3. Thus by Theorem 4.3 the hypothesis (v) of Theorem 4.3 also holds. But the conjunction of
the hypotheses (i),(ii) and (v) of Theorem 4.3 implies in the case we consider
the conclusion of Theorem 4.2. Thus Theorem 4.2 has been proved. 2

Remark 4.1 The theorems 4.1 − 4.4 remain true if we replace the dual space
(W 0 , σ 0 ) resp. the dual spaces (Wξ0 , σ 0 ) by generalized dual spaces. Given a
topological vector-space (W, τ ) we call a topological vector-space (W ∗ , σ ∗ ) a
generalized dual if
•

any w∗ ∈ W ∗ acts as a continuous linear functional w∗ : W → R

•

∀w0 ∈ W 0 ∃w∗ ∈ W ∗ such that ∀w ∈ W w∗ (w) = w0 (w),

•

the topology σ ∗ is the weakest topology such that for any w ∈ W the
mapping w∗ 7→ w∗ (w) is continuous on W ∗ .

We could have introduced instead of dual spaces and generalized duals the
notion of dual pairing (also called dual system or duality [see [7] chapter IV,
1.]). But we think that our approach is more intuitive and helpful for the reader
not familiar with topological vector spaces.
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5

The case of adapted experiments

We define now adapted experiments and adapted decision rules and generalize
the classical randomization criterion (Theorem 2.1) as well as the black-box
criterion (Theorem 2.2) to the adapted setting. This makes it possible to apply
the black-box criterion and the randomization criterion to stochastic processes.
(See [5] and compare with section 6 of this paper).
Let a measurable space (Ω, A), a family (Pϑ )ϑ∈Θ of probability measures
on (Ω, A) and a family At of sub-σ-algebras of A be given. We call E :=
(Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ ) an adapted statistical experiment. (Note that (At )t∈T
does not need to be a filtration. But of course (At )t∈T can be any filtration.
Therefore our theory of the comparison of adapted experiments includes the
filtered situation as a special case. Our definition coincides in the filtered case
with the definition given in [6] 1.10 and [5].) The L-space L(E) of the adapted
experiment E is defined to coincide with the L-space of (Ω, A, (Pt )t∈T ).

Definition 5.1 Let (Ω, A, (At )t∈T ) and (Ω2 , B, (Bt )t∈T ) be adapted measurable spaces and let K : Ω × B → [0, 1] be a Markov kernel. We say that K is
an (At )t∈T /(Bt )t∈T adapted Markov kernel if for any t ∈ T and any Bt ∈ Bt
the mapping ω 7→ K(ω, Bt ) is At measurable. We denote the space of all
(At )t∈T /(Bt )t∈T adapted Markov kernels by κ(At )t∈T /(Bt )t∈T .
Let two adapted statistical experiments E := (Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ ) and
F := (Ω2 , B, (Bt )t∈T , (Qϑ )ϑ∈Θ ) be given. We denote by S ⊆ ba(Ω2 , B)L(E) the
space of stochastic operators from L(E) to ba(Ω2 , B). We let S(L(E),(At )t∈T /(Bt )t∈T )
be the closure of κ(At )t∈T /(Bt )t∈T ∩ S in S ⊆ ba(Ω2 , B)L(E) (endowed with
the topology of point wise convergence). We say that S(L(E),(At )t∈T /(Bt )t∈T )
is the space of (At )t∈T /(Bt )t∈T -adapted stochastic operators. A mapping S :
L(E) 7→ ba(Ω2 , B) is called a (At )t∈T /(Bt )t∈T -adapted stochastic operator if
S ∈ S(L(E),(At )t∈T /(Bt )t∈T ) .
Let Mb (Ω2 , Bt ) denote the vector space of bounded Bt -measurable real valued functions on (Ω2 , B) endowed with the supremum norm. Let σt0 Rbe the
topology which Mb (Ω2 , Bt ) induces on ba(Ω2 , B) by the mappings µ 7→ m dµ
with m ∈ Mb (Ω2 , Bt ).

Remark 5.1 From Lemma A2 of the appendix we conclude that the space
S(L(E),(At )t∈T /(Bt )t∈T ) of (At )t∈T /(Bt )t∈T -adapted stochastic operators is compact and convex. It is easy to prove that S ∈ S(L(E),(At )t∈T /(Bt )t∈T ) implies
that
µ, ν ∈ L(E) implies [µ |At = ν |At =⇒ S(µ) |Bt = S(ν) |Bt ] .
We can now derive an adapted version (Theorem 5.1) of the black-box criterion from Theorem 4.3 with nearly no additional effort:
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Theorem 5.1 Let
E

:=

(Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ )

F

:=

(Ω2 , B, (Bt )t∈T , (Qϑ )ϑ∈Θ )

and

be adapted statistical experiments indexed by the same sets Θ and T and let
(εϑ,t )ϑ∈Θ,t∈T be a family of nonnegative real numbers. Suppose that for any
finite set Θ0 × T0 ⊂ Θ × T and any selection (gϑ,t )ϑ∈Θ0 ,t∈T0 of functions gϑ,t :
Ω2 7→ [−1, +1] such that gϑ,t is Bt -measurable there exists a (At )t∈T /(Bt )t∈T adapted stochastic operator S : L(E) 7→ ba(Ω2 , B) such that
Z
Z
gϑ,t dS(Pϑ ) ≤ gϑ,t dQϑ + εϑ,t for all ϑ ∈ Θ0 and t ∈ T0 .
Then there exists a (At )t∈T /(Bt )t∈T −adapted stochastic operator
e
S : L(E) 7→ ba(Ω2 , B) such that
Z
e
e ϑ ) − Qϑ ]) ≤ εϑ,t
kS(Pϑ ) − Qϑ kBt :=
sup
( g d[S(P
g∈Mb (Ω2 ,Bt )
−1≤g≤1

for all ϑ ∈ Θ and t ∈ T .

Proof of Theorem 5.1 By Remark 5.1 we know that the space
S(L(E),(At )t∈T /(Bt )t∈T ) of (At )t∈T /(Bt )t∈T -adapted stochastic operators from L(E)
to ba(Ω2 , B) is a compact convex subset of (ba(Ω2 , B), σ 0 )L(E) . The set {m ∈
Mb (Ω2 , Bt ), | −1 ≤ m ≤ 1} is a closed convex subset of Mb (Ω2 , B).
Consider Theorem 4.3 together with Remark 4.1 in the following special case:
Let Ξ := (Θ ∪ L(E)) × T . For ξ = (x, t) let Wξ := Mb (Ω2 , Bt ) and let
(Wξ∗ , σ ∗ ) := (ba(Ω2 , B), σt0 ). Let

Gξ :=


 {m ∈ Mb (Ω2 , Bt ) | −1 ≤ m ≤ 1}
{0}



if

ξ = (ϑ, t) ∈ Θ × T

if

ξ ∈ L(E) × T and

let εξ > 0 be arbitrary if ξ ∈ L(E) × T .
Let K = {k} with k : Ξ 7→ ba(Ω2 , B) defined by

k(ξ) :=


 Qϑ


0

if

ξ = (ϑ, t) ∈ Θ × T

if

ξ ∈ L(E) × T.

Let J := {s ◦ h | s ∈ S(L(E),(At )t∈T /(Bt )t∈T ) } with h given by

h(ξ) :=


 Pϑ

if

ξ = (ϑ, t) ∈ Θ × T

0

if

ξ ∈ L(E) × T.
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In the special case under consideration the hypotheses of Theorem 5.1 are
equivalent with the conjunction of the hypotheses (i),(ii) and (iii) of the Remark 4.1 modification of Theorem 4.3. Thus by Theorem 4.3 hypothesis (v) of
Theorem 4.3 also holds in the special case. But the conjunction of the hypotheses (i),(ii) and (v) of the Remark 4.1 modification of Theorem 4.3 implies in
the special case we consider the conclusion of Theorem 5.1. Thus Theorem 5.1
has been proved. 2
Next we state the adapted case of the randomization criterion (Theorem 5.2).
We will prove the converse of Theorem 5.2 after Remark 5.2. The equivalence
of the theorems 5.1 and 5.2 will be proved in the end of the section.

Theorem 5.2 Let
E

:=

(Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ )

F

:=

(Ω2 , B, (Bt )t∈T , (Qϑ )ϑ∈Θ )

and

be adapted statistical experiments indexed by the same sets Θ and T let
(εϑ,t )ϑ∈Θ,t∈T be an indexed family of reals ≥ 0. Suppose that for any adapted
measurable space (Ω3 , D, (Dt )t∈T ) (the adapted decision space), any finite subset Θ0 × T0 ⊆ Θ × T , any stochastic operator MK : L(F ) → ba(Ω3 , D) which
is induced by a (Bt )t∈T /(Dt )t∈T -adapted Markov-kernel K and any selection
(fϑ,t )ϑ∈Θ,t∈T of functions fϑ,t : Ω3 7→ [−1, +1] such that fϑ,t is Dt -measurable
there exists an (At )t∈T /(Dt )t∈T -adapted stochastic operator M : L(E) 7→ ba(Ω3 , D)
such that
Z

Z
fϑ,t dM (Pϑ ) ≤

fϑ,t dMK (Qϑ ) + εϑ,t

for all

(ϑ, t) ∈ Θ0 × T0 .

Then there exists an (At )t∈T /(Bt )t∈T -adapted stochastic operator
e
S : L(E) 7→ ba(Ω2 , B) such that
Z
e ϑ )kB =
e ϑ ) − Qϑ ]) ≤ εϑ,t
kQϑ − S(P
sup
( g d[S(P
t

g∈Mb (Ω2 ,Bt )
−1≤g≤1

for all ϑ ∈ Θ and t ∈ T .

Remark 5.2 In general it is not possible to define the operator Se in Theorem
e
5.2 in such a way that S(L(E))
⊆ L(F ). Therefore we find in the formulation
of Theorem 5.2 of this paper (as well as in the formulation of Theorem 1 of
[5]) Se : L(E) 7→ ba(Ω2 , B) instead of Se : L(E) 7→ L(F ). This is in contrast to
the situation of Theorem 2.1. An analysis of the proof of Theorem 2.1 shows
that the key ingredient (41.7 of [11] or 4.5.11. of [12] which is stated below) for
e
proving that S(L(E)
⊆ L(F ) is not available in the adapted situation:
For adapted experiments there exists no result analogous to [11] 41.7 or [12]
4.5.11., which says that given a statistical experiment F = (Ω2 , B, (Qϑ )ϑ∈Θ )
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there exists a stochastic operator T : ba(Ω2 , B) 7→ L(F ) such that T |L(F ) =
idL(F ) . To see this let us consider the following situation: Let B denote the
σ-algebra of Borel-sets on [0, 1] and let (Bn )n∈IN denote an arbitrary filtration
of finite algebras which fulfills:
S
σ( n∈IN Bn ) = B and
for any nonempty B ∈

S

n∈IN

Bn we have λ(B) > 0.

Let F := ([0, 1], B, (Bn )n∈IN , (Qϑ )ϑ∈Θ ) be an adapted experiment such that
L(F ) consists of the space of all finite signed measures on [0, 1] which are absolutely continuous with respect to Lebesgue measure.
There exists no
(Bn )n∈IN /(Bn )n∈IN -adapted stochastic operator T : ba(Ω2 , B) → L(F ) such
that T |L(F ) = idL(F ) . To see this we proceed indirect. Let x ∈ [0, 1] be arbitrary and let δx denote the Dirac measure at x. Choose now a falling sequence
(Bn )n∈IN of sets Bn ∈ Bn such that
Bn is an atom of Bn and {x} =

T

n∈N

Bn

Let µn be the uniform probability measure on Bn . Then we obtain from the
fact that T is filtered and the identity on L(F ) that
T (δx )(Bm ) = lim T (µn )(Bm ) = lim µn (Bm ) = 1.
n→∞

n→∞

This forces T (δx ) = δx which contradicts our assumption that all elements of
L(F ) are absolutely continuous with respect to Lebesgue measure.

Proof of the converse of Theorem 5.2. Let MK : L(F ) → ba(Ω3 , D) be
a stochastic operator induced by a (Bt )t∈T /(Dt )t∈T -adapted Markov-kernel K.
Let fϑ,t : Ω3 7→ [−1, +1] be a Dt -measurable function. Let Se : L(E) 7→ ba(Ω2 , B)
be an (At )t∈T /(Bt )t∈T -adapted stochastic operator such that
Z
e
e ϑ ) − Qϑ ]) ≤ εϑ,t
kQϑ − S(Pϑ )kBt =
sup
( g d[S(P
g∈Mb (Ω2 ,Bt )
−1≤g≤1

Define an an (At )t∈T /(Dt )t∈T -adapted stochastic operator M : L(E) 7→ ba(Ω3 , D)
for µ ∈ L(E) by
Z
[M (µ)](.) :=

K(x, .) d[S̃(µ)](x).

R

and let g(x) := fϑ,t (y)K(x, dy). Then
Z
Z
Z
fϑ,t dM (Pϑ ) = fϑ,t (y)K(x, dy) d[S̃(Pϑ )](x) = g d[S̃(Pϑ )] ≤
Z

Z
g dQϑ + εϑ,t =

Z
fϑ,t (y)K(x, dy) dQϑ (x) + εϑ,t =
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fϑ,t dMK (Qϑ ) + εϑ,t 2.

Proof of the equivalence of the theorems 5.1 and 5.2. We use
Theorem 3.1 for the proof of this equivalence. The stochastic operators involved
in the theorems 5.1 and 5.2 are in one one correspondence to morphisms in
e M =K
e ◦ S and
theorem 3.1 as follows: morS = S, morK = MK , morSe = S,
morM = M .
The Experiments of the theorems 5.1 and 5.2 correspond to the objects of
theorem 3.1 in the following way obE = E, obF = F , ob• = Ran(morS ) =
(Ω2 , B, (Bt )t∈T , (S(Pϑ ))ϑ∈Θ ), Ran(morK ) = (Ω3 , D, (Dt )t∈T , (MK (Qϑ ))ϑ∈Θ ),
Ran(morM ) = (Ω3 , D, (Dt )t∈T , (M (Pϑ ))ϑ∈Θ ).
The families of properties are specified in such a way that they correspond
to the conditions the stochastic operators must fulfill in the theorems 5.1 and
5.2 which are given by the selection of functions (gϑ,t )ϑ∈Θ0 ,t∈T0 and the real
numbers εϑ,t :
there exist finite sets Θ ⊆ Θ, T ⊆ T and a selec0
0


tion (gϑ,t )ϑ∈Θ0 ,t∈T0 of functions gϑ,t ∈ Mb (Ω2 , Bt ),



−1 ≤ gϑ,t ≤ 1 such that p̂(obF 0 ) = true



p̂ ∈ Prop(obF ) ⇔
if and only if









R t )t∈T , (R̂ϑ )ϑ∈Θ ) and for
obF 0 is of the form (Ω2 , B, (B
all ϑ ∈ Θ0 , t ∈ T0 we have gϑ,t d[R̂ϑ − Qϑ ] ≤ εt,ϑ ,

p ∈ Prop(Ran(morK )) ⇔


there exist finite sets Θ0 ⊆ Θ, T0 ⊆ T



and
a selection (fϑ,t )ϑ∈Θ0 ,t∈T0 of functions




f
∈ Mb (Ω3 , Dt ), −1 ≤ fϑ,t ≤ 1 such

ϑ,t



that
p(obD0 ) = true



if and only if








obD0 is of the form (Ω2 , D,R(Dt )t∈T , Rϑ )




fϑ,t d[Rϑ −

and for all ϑ ∈ Θ0 , t ∈ T0
MK (Qϑ )] ≤ εt,ϑ

With these definitions the equivalence of the theorems 5.1 and 5.2 is a consequence of Theorem 3.1.

Remark 5.3 Although we did not need it in the proof stated above, we would
like to mention the following fact:
The morphism morKe occurring in the proof of 3.1 corresponds to the adapted
stochastic operator
K̃ : L(Ω2 , B, (Bt )t∈T , (S(Pϑ ))ϑ∈Θ ) → L(Ω3 , D, (Dt )t∈T , ([MK ◦ S](Pϑ ))ϑ∈Θ )
that is induced by K.
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6

Extensions of the theory beyond adaptedness

Definition 6.1 Let e be a property which a stochastic operator S ∈ S ⊂
ba(Ω2 , B)L(E) may posses or may not posses, i.e. e(S) = true or e(S) = false.
We say that S ∈ S is e-stochastic if e(S) = true. We call the property e a
compact convex property if the set of e-stochastic operators is compact and
convex, i.e., if {S ∈ S | e(S) = true} is compact and convex in ba(Ω2 , B)L(E) .

Remark 6.1 An example of a compact convex property is (At )t∈T /(Bt )t∈T adaptedness. Another example is the following:
Let us denote by R the Borel σ-algebra on R and by RN the Borel σ-algebra
on RN . Let xi denote the i-th coordinate of x. Let K : RN × RN → [0, 1]
be a Markov Kernel such that K is of N
the form K := K
Q1N⊗ K2 ⊗ ... with
N
Ki : R
×
R
→
[0,
1]
Markov
kernels
and
K
(x,
R)
=
i
i=1
i=1 Ki (xi , Ri ) for
Q
R =
Ri . Then we say that the Markov Kernel K possesses product form.
We denote by π the space of all Markov kernels which posses product form.
We say that a Markov kernel is of multi linear form, if it is in the convex
hull of π. Let E = (RN , RN , (Pϑ )ϑ∈Θ ). We say that a stochastic operator
S : L(E) → ba(RN , RN ) is of multi linear form if S is in the closure of the
convex hull of π ∩ S in S. It is easy to see that the property of being of multi
linear form is convex and compact.
A further example of a compact convex property an operator may posses
is provided by the property of being a convolution operator. If Ω = Ω2 is a
measurable group we call a stochastic operator a convolution operator if it is in
the closure of the set of all stochastic operators induced by Markov kernels K
for which K(x + y, A + y) = K(x, A) holds.
The conjunction of two compact convex properties is of course also a compact
convex property.

Remark 6.2 Theorem 5.1 remains valid, if we replace (in the hypotheses and
in the conclusion of Theorem 5.1) the requirement that the stochastic operators
are adapted by the requirement that the operators are e-stochastic for some
compact convex property e. This can be deduced from Theorem 4.3 in the same
way as 5.1 has been deduced. If property e or property ¬e can also be assigned
to any stochastic operator from L(E) or L(F ) to ba(Ω3 , D) for arbitrary decision
spaces (Ω3 , D) and the concatenation of two stochastic operators with property
e is again a stochastic operator with property e, then Theorem 5.2 remains also
valid with adaptednes replaced by property e. This can be established using
theorem 3.1 in the same way as 5.2 has been established.
One can also deduce the following example from a property e-Version of Theorem 5.1. The assertion in the following example can be derived from Remark
6.2 by an argument completely analogous to the argument given in the proof of
the equivalence of the theorems 5.1 and 5.2. (Note that in this case we consider
just one decision space (Ω3 , D) = (RT , RT ).)
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Example 6.1 Let prt : RT → R denote the i-th coordinate projection. Let

Rt be the σ-algebras induced by prt , i.e., Rt := σ({prt−1 (O) | O open in R}).
Let E := (RT , RT , (Rt )t∈T , (Pϑ )ϑ∈Θ ) and F := (RT , RT , (Rt )t∈T , (Qϑ )ϑ∈Θ ) be
two adapted statistical experiments. Let (εt )t∈T be a sequence of positive real
numbers. Suppose that for any finite set Θ0 × T0 ⊂ Θ × T for any stochastic
operator MK : L(F ) 7→ ba(RT , RT ) which is induced by a (Rt )t∈T /(Rt )t∈T adapted Markov-kernel K of multi linear form and any selection (hϑ,t )ϑ∈Θ,t∈T of
Borel measurable functions hϑ,t : R → [−1, +1] there exists a (Rt )t∈T /(Rt )t∈T adapted stochastic operator M : L(E) 7→ ba(RT , RT ) of multi linear form such
that
Z
Z
hϑ,t ◦ prt dM (Pϑ ) ≤ hϑ,t ◦ prt dMK (Qϑ ) + εϑ,t for all (ϑ, t) ∈ Θ0 × T0 .
Then there exists a (Rt )t∈T /(Rt )t∈T -adapted stochastic operator Se : L(E) 7→
ba(RT , RT ) of multi linear form such that
Z
e ϑ )kR =
e ϑ ) − Qϑ ]) ≤ εϑ,t
kQϑ − S(P
sup
(
h ◦ prt d[S(P
t
h∈Mb (R,R)
−1≤h≤1

for all ϑ ∈ Θ and t ∈ T . (Here Mb (R, R) denotes the vector space of bounded,
Borel-measurable, real valued functions.)

Remark 6.3 Example can be interpreted in the special case that T = N and
Pϑ , Qϑ are Markov chains. Then the example says: Compare arbitrary hidden
Markov models derived from the Markov model Qϑ with generalized hidden
Markov models derived from the Markov model Pϑ by the use of loss-functions
based on coordinate projections. If the models are close with respect to this
comparison, then there exists a generalized hidden Markov model derived from
Pϑ which is close to the Markov model Qϑ in a uniform sense based on the
coordinate projections. (The simple hidden Markov model we have in mind
consists of a stochastic process on RN which is the image of a Markov chain on RN
under a stochastic operator S of multi linear form induced by a Markov kernel.
We speak of a generalized hidden Markov model if the stochastic operator S is
of multi linear form, but is not necessarily induced by a Markov kernel.)
Before we give another example of an adapted non-filtered situation we state
the following proposition, which is almost trivial. (See [2] chapter 9 end of
section 3)

Proposition 6.1 Let ν1 , ν2 be two finite measures on an interval (a, b] and let
Φη2 denote the measure of the N (0, η 2 )-distribution. Then
kν1 ? Φη2 − ν2 ? Φη2 k ≤ 2

b−a
· min(ν1 ((a, b]), ν2 ((a, b])) + |ν1 ((a, b]) − ν2 ((a, b])|.
η
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Example 6.2 Let pri : RN → R denote the i-th coordinate
P projection. Let Yn
n

be the σ-algebras induced by the functions Yn (x) := i=1 pri (x), i.e., Yn :=
σ({Yn−1 (O) | O open in R}). Let Φσ2 be the probability measure of the N (0, σ 2 )
distribution and µ a probability measure with expectation 0 and variance σ 2 .
Let E := (RN , RN , (Yn )n∈N , Pϑ )ϑ∈R ) and F := (RN , RN , (Yn )n∈N , Qϑ )ϑ∈R ) be
two adapted statistical experiments with
Pϑ :=

∞
O

∞
O
(µ ? δϑ ) and Qϑ :=
(Φσ2 ? δϑ ).

i=1

i=1

Then there exists a sequence (εn )n∈N of positive real numbers with limn→∞ εn ↓
0 and a (L(E), (Yn )n∈N /(Yn )n∈N )-adapted convolution operator Se of multi line ϑ ) − Qϑ kY ≤ εn . An example of such a stochastic
ear form such that kS(P
n
operator isNgiven by the stochastic operator SeK induced by the convolution ker∞
nel K := i=1 Ki with Ki (x, [a, b]) = N (x, c2n ) with cn a sequence of positive
real numbers which tends with the right velocity to 0.
That such a Markov kernel K is indeed doing the job can be proved by
application of the central limit theorem, the description of convergence in distribution provided by the portmanteau theorem (See [4] Theorem 11.1.1 (d))
and by Proposition 6.1 as follows:
?n
Let µ?n be the n-fold convolution product of µ and let µn = µ√n . Then
µn converges by the central limit theorem in distribution to Φσ2 . Let a finite
m+1
sequence (zjm )2j=0 of real numbers zjm be recursively defined by
m
z0m = −m and zj+1
− zjm =

m
.
2m

Let Zm be the partition defined by
m
Zm := { R \ (−m, m] } ∪ { (zjm , zj+1
] | j = 0, . . . , 2m+1 }
2

η
if
For any number η ∈ (0, 1) we chose m(η) ∈ N such that Φσ2 (Z) ≤ m(η)
Z ∈ Zm(η) . By Theorem 11.1.1 (d) of [4] there exists an Nη ∈ N such that

(i)

∀n ≥ Nη , ∀Z ∈ Zm(η) we have |µn (Z) − Φσ2 (Z)| ≤

η2
.
m(η)·2m(η)+1

Let µin and Φiσ2 be the restriction of the measures µn and Φσ2 to the Borel
m(η) m(η)
measurable subsets of (zi−1 , zi
] if 1 ≤ i ≤ 2m+1 and let µ0n and Φ0σ2 be
the restriction of the measures µn and Φσ2 to the Borel measurable subsets of
R \ (−m, m]. Note that our assumptions imply that
(ii)

∀Z ∈ Zm(η) , ∀n ≥ Nη we have µn (Z) ≤

2η 2
m(η)

and kµ0n − Φ0σ2 k ≤ 3η.

Thus we get by an application of (i), (ii) and Proposition 6.1 that for n ≥ Nη
kµn ? Φη2 − Φσ2 +η2 k ≤

2m(η)+1
X
i=0
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kµin ? Φη2 − Φiσ2 ? Φη2 k ≤

kµ0n

−

Φ0σ2 k+

2m(η)+1
X

m(η)

2

zj

i=1
2m(η)+1
X

m(η)

− zj−1
2η 2
·
+
η
m(η)

m(η)

m(η)

|µin ((zi−1 , zi

m(η)

m(η)

]) − Φiσ2 ((zj−1 , zj

])| ≤

i=1

3η + 8η +

2m(η)+1
X

m(η)

m(η)

|µn ((zi−1 , zi

m(η)

m(η)

]) − Φσ2 ((zj−1 , zj

])| ≤

i=1

11η +

2m(η)+1
X
i=0

η
2m(η)+1

≤ 12η.

Thus there exists a function η 7→ N (η) such that N (η) ∈ N is the smallest
natural number such that
kµn ? Φη2 − Φσ2 +η2 k ≤ 12 · n for all n ≥ N (η)
Define real numbers cn for all n ∈ N by cn := 12 · inf{η > 0 | N (η) ≤ n}. Then
for all η > cn
kµn ? Φη2 − Φσ2 +η2 k ≤ kµn ? Φc2n − Φσ2 +c2n k ≤ cn
Note that cn ↓ 0 and

p Pn
[ i=1 c2i ] · n−1 ≥ cn . Thus

kµn ? Φ[Pni=1 c2i ]·n−1 − Φσ2 +[Pni=1 c2i ]·n−1 k ≤ cn
Let
εn := cn + kΦσ2 +[Pni=1 c2i ]·n−1 − Φσ2 k.
Since cn ↓ 0 we get that also εn ↓ 0.
SeK be the stochastic operator induced
NLet
∞
2
by the convolution kernel K :=
i=1 Ki with Ki (x, [a, b]) = N (x, cn ). We
calculate finally
kSeK (Pϑ ) − Qϑ kYn = kSeK (Pϑ ) ◦ Yn−1 − Qϑ ◦ Yn−1 k =
kSeK (P0 ) ◦ Yn−1 − Q0 ◦ Yn−1 k = kµn ? Φ[Pni=1 c2i ]·n−1 − Φσ2 k =
kµn ? Φ[Pni=1 c2i ]·n−1 − Φσ2 +[Pni=1 c2i ]·n−1 k + kΦσ2 +[Pni=1 c2i ]·n−1 − Φσ2 k ≤ εn .
Since cn ↓ 0 and εn ↓ 0 this proves the assertion. 2

Remark: Given a convex compact property e which is more or equal restrictive
than adaptedness and two adapted experiments E, F indexed by the same set
T ×Θ (as defined in Theorem 5.1), then the generalized deficiency δe (E, F ) of E
with respect to F can be defined by δe (E, F ) := t 7→ inf S supϑ∈Θ kQϑ −S(Pϑ )kBt
(with the ”inf” taken over all S with property e). In the case of Example 6.2 we
have T = N, e is the property of being an adapted convolution operator of multi
linear form, and [δe (E, F )](n) ≤ εn . Further limn→∞ [δe (E, F )](n) = 0. This
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means that by the use of adapted convolution operators of multi linear form we
can (for large n) extract out of E nearly as much information as we can extract
out of F . (Note that the concatenation of adapted convolution operators of
multi linear form gives again an adapted convolution operator of multi linear
form and thus remark 6.2 applies.)

7

Hilbert spaces, Diagonalizable operators and
the Wave equation

The following theorem is the Hilbert space version of the black-box criterion. It
is an easy consequence of Theorem 4.2 but it can not be established using the
L-space version of the black-box criterion.

Theorem 7.1 Let H, He be a Hilbert spaces and let Ξ be a set. Let (vξ )ξ∈Ξ be a
indexed family of vectors in H and let (Kξ )ξ∈Ξ be a family of convex norm-closed
e Let L be a norm-bounded norm-closed convex family
norm-bounded subsets of H.
e such that for any finite set Ξ0 ⊆ Ξ
of continuous linear operators l : H → H
e
and any family (gξ )ξ∈Ξ0 of elements of H0 with kgξ kHe 0 = 1 there exists an l ∈ L
such that
inf h l(vξ ) − wξ , gξ i ≤ εξ .

wξ ∈Kξ

Then there exists an l ∈ L such that for all ξ ∈ Ξ we have:
inf kl(vξ ) − wξ kHe ≤ εξ .

wξ ∈Kξ

Proof of Theorem 7.1 Note that the hypothesis kgξ kHe0 = 1 is equivalent

with the hypothesis kgξ kHe 0 ≤ 1. Note further, that the sets Kξ and the set L
are weakly compact. (This is the theorem of Alaoglu-Bourbaki in the case of
the sets Kξ [see [7] Chapter 3 Section 4.3] and can in the case of the set L be
concluded using the Tychonoff product Theorem analogous to the theorem of
e Θ = Ξ and
Alaoglou-Bourbaki). Apply now Theorem 4.2 with V = H, W = H,
0
e | kgk e 0 ≤ 1}. 2
G = {g ∈ H
H

Definition 7.1 Let HE and H be Hilbert spaces. Let HE0 denote the dual

of HE and let the dual H 0 of H be identified with H itself. Suppose that
0
there exists an identification of the spaces HE , H and HE
in such a way that
0
HE ⊂ H ⊂ HE as sets and that the identities idHE : HE → H and idH :
0
H → HE
are continuous. If we are given HE and H identified as above, we say
that HE is canonically embedded into H. Given a measure space (Ω, B, µ) we
denote by IL2 (Ω, B, µ) the space of square integrable real valued functions on
0
(Ω, B, µ). We say that a continuous linear operator A : HE → HE
is positive and
diagonalizable if there exists a measurable space (Ω, B), measures µHE , µHE0 on
0
(Ω, B) and an isometric isomorphisms U : HE
→ IL2 (Ω, B, µ0HE ) such that the
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restriction U |HE of U to HE is an isometry between HE and IL2 (Ω, B, µHE )
and such that the operator
Ψ : IL2 (Ω, B, µHE ) → IL2 (Ω, B, µHE0 ) defined by Ψ := U ◦ A ◦ U −1
fulfills [Ψ(φ)](ω) = [ψ ◦ φ](ω) almost everywhere µHE0
for any φ ∈ IL2 (Ω, B, µHE ) and a [0, ∞)-valued B-measurable function ψ.

Theorem 7.2 Let HE and H be Hilbert spaces and suppose that HE is canonically embedded into H. Let ℵ be a norm-bounded norm-closed convex family of
0
positive, diagonalizable, continuous
operators A : HE → HE
. Let Θ be a
 1 linear

vϑ
set. For any ϑ ∈ Θ let vϑ =
∈ HE × HE be such that for any A ∈ ℵ
vϑ2
1
we have A(vϑ ) ∈ H. Let T = [0, ρ)be some non-degenerate interval. For any
1
wϑ,t
ϑ ∈ Θ and t ∈ T let wϑ,t =
∈ HE × H.
2
wϑ,t
Suppose that for any finite set Θ0 ×T0 ⊂ Θ×T and any family (gϑ,t )(ϑ,t)∈Θ0 ×T0
 1 
gϑ,t
0
of elements gϑ,t =
∈ HE
× H 0 = (HE × H)0 with kgϑ k(HE ×H)0 = 1
2
gϑ,t
there exists an A ∈ ℵ such that
  1   1 

wϑ,t
gϑ,t
vϑ1 + t · vϑ2
−
,
≤ εϑ,t · t .
2
2
wϑ,t
gϑ,t
vϑ2 − t · A(vϑ1 )
Then there exists
 an1 A ∈ ℵ2such
 that
 for1 allϑ ∈ Θ and t ∈ T we have:
wϑ,t
vϑ + t · vϑ
≤ εϑ,t · t .
−
2
1
2
(i)
vϑ − t · A(vϑ )
wϑ,t

Proof: The theorem is easily derived from Theorem
To
see this we
7.1.
 
let
1
1

vϑ
t · vϑ
,
∈
vϑ2
t · vϑ2
2
(HE × HE ) and Kξ = {wϑ,t } (for ξ = (ϑ, t)). Let further L be the set of all
0
operators L : (HE × HE )2 → HE × HE
of the form
 1   1  

h1
h2
h11 + h22
L
,
=
with A ∈ ℵ.
h21
h22
h12 − A(h21 )
e = HE ×H, vϑ,t =
Σ = Θ×[0, ρ), H = (HE ×HE )2 , H

Since the compactness of ℵ implies the compactness of L we see now that Theorem 7.2 follows from Theorem 7.1.

Theorem 7.3 Suppose that the hypothesis of Theorem 7.2 hold. Suppose ad0
ditionally that B : HE → HE
is a positive, diagonalizable, continuous operator.
1
Let {vϑ | ϑ ∈ Θ} be a subset of HE which is dense in the unit ball of HE , such
that B(vϑ1 ) ∈ H and such that for all A ∈ ℵ also A(vϑ1 ) ∈ H. Let vϑ2 ∈ HE . Let
1
t → wϑ,t
be the solution of the generalized wave equation [Dt2 u](t) + B(u(t)) = 0
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2
with initial conditions u(0) = vϑ1 and [Dt u](0) = vϑ2 and let t 7→ wϑ,t
be the
1
derivative with respect to t of t 7→ wϑ,t . Let εϑ,t be positive real numbers such
that for any ϑ ∈ Θ we have limt→0 εϑ,t = ε ≥ 0. Then for the operator A
occurring in the conclusion of Theorem 7.2 kA − Bk ≤ ε holds. Especially,
if ε = 0, then the operator A occurring in the conclusion of Theorem 7.2 is
uniquely determined and equals B.
1
2
Proof: Since t 7→ wϑ,t
is the solution of the wave equation and t 7→ wϑ,t
is
its first derivative we obtain
 1   1 

 1 


wϑ,0
wϑ,t
vϑ
vϑ2
=
and Dt t 7→
=
2
2
wϑ,0
vϑ2
wϑ,t
B(vϑ1 )
t=0

Let us denote by A the operator occuring in the conclusion of Theorem 7.2.
From (i) in Theorem 7.2 and the equation above we obtain that for all ϑ ∈ Θ

 

vϑ2
vϑ2
0 ≤ lim
−
≤ lim εϑ,t = ε
A(vϑ1 )
B(vϑ1 )
t→0
t→0
holds. Thus kB(vϑ1 ) − A(vϑ1 )k ≤ ε for all ϑ ∈ Θ and since one of our hypothesis
is that {vϑ1 | ϑ ∈ Θ} is dense in the unit ball of HE we obtain kA − Bk ≤ ε. In
the case ε = 0 we obtain A = B

Discussion: To say it in a different way. If we are given for a sufficiently rich
class of initial conditions the solution curves of the generalized wave equation
and if we are given for
 of T × Θ an operator A ∈ ℵ such
 any1 finite 2subset
v ϑ + t · vϑ
approximates the solution curve t 7→
that the affinity t 7→
vϑ2 − t · A(vϑ1 )
 1 
wϑ,t
up to εϑ,t then there exists an operator B such that the affinity
2
wϑ,t


vϑ1 + t · vϑ2
t 7→
approximates the solution for all εϑ,t with ϑ ∈ Θ and
vϑ2 − t · B(vϑ1 )
t ∈ T . Further B is the operator which occurs in the generalized wave equation.
Pn
2
This holds especially true, if ℵ consists of the operators i=1 αi (x) · ∂∂2 xi with
αi : U 7→ [0, ∞) strictly positive functions defined on the closure of a bounded
Pn
2
open set U ⊂ Rn and {x 7→ (α1 (x), . . . , αn (x)) | i=1 αi (x) · ∂∂2 xi ∈ ℵ} convex
and compact with respect to the topology of uniform convergence. Let H =
◦

L2 (U ) and HE =W21 be the Sobolev space defined in [14] 2.5.4. Then HE is the
energetic space of the Laplace operator (see [14] 5.3). In this case k.kHE ×H is the
energy the wave at time t would posses with respect to 4 (see [14] 5.11). The
Pn
2
true energy of the wave (with respect to the true operator B = i=1 βi ∂∂2 xi ∈ ℵ)
is given by a norm which is equivalent to k.kHE ×H . Thus kv − wkHE ×H is a
natural distance for waves v, w. It is however an L2 -distance and thus there is
a need for our extension of the black-box criterion to a non-L-space (non-L1 )
context.
Finally we give the following interpretation of the black-box criterion. Suppose that one wants to establish that a certain type of linear differential equation
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(in our example the wave equation with the differential operator varying in a
certain compact convex set) describes a dynamical system correctly up to an
error ε. Then it suffices to check that for any finite set of pairs of initial conditions and empirical measurements (revealing only part of the information of
the state of the dynamical system), there exists a differential equation of the
specified type (with differential operator in a certain compact convex set) such
that the empirical measurement is sufficiently close to the predicted value of
the measurement. Philosophically speaking this is actually what one does to
establish laws of nature up to the precision of the measurement.

8

The finite dimensional case and Helly’s
Theorem

We consider now the case that the spaces L(E) and L(F ) or two Hilbert spaces
or more general two arbitrary vector spaces are finite dimensional. This makes
it possible to prove a theorem which seems closely related to the black-box
criterion, but which involves in its hypotheses only a constant finite number
(depending on the dimension of the vector spaces involved) of constraints.

Theorem 8.1 Let L be a compact convex family of linear mappings l : IRm →
IRn , let Θ be an index set, let (Zϑ )ϑ∈Θ be a family of convex subsets of IRn and
let (εϑ )ϑ∈Θ be a family of real numbers. Let further (xϑ )ϑ∈Θ with xϑ ∈ IRm and
(yϑ )ϑ∈Θ with yϑ ∈ IRn be given. Let I be an index set consisting of (m · n) + 1
points. Suppose that for any indexed family (ϑi )i∈I with ϑi ∈ Θ and any indexed
family (zϑi )i∈I with zϑi ∈ Zϑi there exists an l ∈ L such that
h l(xϑi ) − yϑi , zϑi i ≤ εϑi .
Then there exists an l ∈ L such that for all ϑ ∈ Θ we have
sup h l(xϑ ) − yϑ , z i ≤ εϑ .
z∈Zϑ

Proof of Theorem 8.1 The sets
Lϑ,z := { l ∈ L such that h l(xϑ ) − yϑ , z i ≤ εϑ }
with z ∈ Zϑ are compact convex subsets of L and thus subsets of the m · ndimensional space of all linear mappings from IRm to IRn . Our Hypothesis
says that the intersection of any (m · n) + 1 sets Lϑ,z wit z ∈ ZT
ϑ is nonempty.
Therefore by Helly’s Theorem (see [13] Part VI) the intersection ϑ∈Θ,z∈Zϑ Lϑ,z
is nonempty which is precisely the conclusion of our Theorem. 2
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Appendix
A

Compactness of the spaces ba(Ω2 , B) and S

Let Mb denote the vector space of B-measurable real valued functions on
(Ω2 , B). In the following Lemmata we denote by σ 0 the topology on
R ba(Ω2 , B)
induced by the integrals Im : (Ω2 , B) → IR defined by Im := m dµ. By
E := (Ω, A, (Pϑ )ϑ∈Θ ) we denote a statistical experiment.

Lemma A.1 The set {ν ∈ ba(Ω2 , B) | kνk ≤ 1} is σ0 -compact.
Sketch of proof: Let G := {m ∈ Mb | −1 ≤ m(ω) ≤ 1 for all ω ∈ Ω2 }
and let I : (Ω2 , B) → IRG be the unique mapping such that Im = prm ◦ I for
all m ∈ G. The topology induced by I equals the topology σ 0 induced by the
family of integrals {Im | m ∈ G}. Thus ({ν ∈ ba(Ω2 , B) | kνk ≤ 1}, σ 0 ) is
homeomorphic with the set I({ν ∈ ba(Ω2 , B) | kνk ≤ 1}) ⊆ [−1, +1]G . Since
[−1, +1]G is by the Tychonoff product theorem compact, it suffices to prove
that I({ν ∈ ba(Ω2 , B) | kνk ≤ 1}) is closed in [−1, +1]G . But this is clear since
I({ν ∈ ba(Ω2 , B) | kνk ≤ 1}) =
= {f ∈ [−1, +1]G

|

−1 ≤ prm1 +m2 (f ) = prm1 (f ) + prm2 (f ) ≤ 1
∀ m1 , m2 ∈ Mb with − 1 ≤ m1 , m2 , m1 + m2 ≤ 1}. 2

Lemma A.2 The space S of stochastic operators S : L(E) → ba(Ω2 , B) is a
compact subset of (ba(Ω2 , B))L(E) .
Sketch of proof: We have
Y
S⊆
{ν ∈ ba(Ω2 , B) | kνk ≤ 2kµk}
µ∈L(E)

and
Q we know by the preceding Lemma and the Tychonoff product theorem that
2 , B) | kνk ≤ 2kµk} is compact. It therefore suffices to show
µ∈L(E) {ν ∈ ba(ΩQ
that S is closed in µ∈L(E) {ν ∈ ba(Ω2 , B) | kνk ≤ 2kµk}. But this is clear since
the space of stochastic operators can be described by
S := {S

| S ∈ ba(Ω2 , B)L(E) , S is linear and
[µ ∈ L+ (E) ∧ kµk = 1] =⇒
[∀m ∈ Mb (m ≥ 0 ⇒ Im (S(µ)) ≥ 0) and I1 (S(µ)) = 1]}. 2
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B

Some generalized black-box criteria

We can use the fact that the sets Gξ of Theorem 4.3 can vary with ξ and can
be different from {m ∈ Mb | −1 ≤ m ≤ +1} to formulate a generalization of
the black-box criterion (in the sense of Theorem 2.2) as follows:

Theorem B.1 Let
E

:=

(Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ )

F

:=

(Ω2 , B, (Bt )t∈T , (Qϑ )ϑ∈Θ )

and

be adapted statistical experiments indexed by the same index sets Θ and T . Let
(εϑ,t )ϑ∈Θ,t∈T be a family of nonnegative real numbers and let (fϑ,t )ϑ∈Θ,t∈T be
a family of B-measurable functions fϑ,t : Ω2 → IR. Suppose that for any finite
set Θ0 × T0 ⊆ Θ × T and any selection (gϑ,t )ϑ∈Θ0 ,t∈T0 of functions gϑ,t ∈
{g ∈ Mb (Ω2 , Bt ) | −fϑ,t ≤ g ≤ fϑ,t } there exists an (At )t∈T /(Bt )t∈T -adapted
stochastic operator S : L(E) 7→ ba(Ω2 , B) such that
Z
Z
gϑ,t dS(Pϑ ) ≤ gϑ,t dQϑ + εϑ,t for all ϑ ∈ Θ0 and t ∈ T0 .
Then there exists an (At )t∈T /(Bt )t∈T -adapted stochastic operator Se : L(E) 7→
ba(Ω2 , B) such that
Z
e ϑ ) − Qϑ ]) ≤ εϑ,t
sup
( g d[S(P
g∈Mb (Ω2 ,Bt )
−fϑ,t ≤g≤fϑ,t

for all ϑ ∈ Θ and t ∈ T .

Remark B.1 Note that even the case T := {t0 } and fϑ,t0 = x2 for all ϑ was
not covered by Theorem 2.2.
More general we formulate:

Theorem B.2 Let
E

:=

(Ω, A, (At )t∈T , (Pϑ )ϑ∈Θ )

F

:=

(Ω2 , B, (Bt )t∈T , (Qϑ )ϑ∈Θ )

and

be adapted statistical experiments indexed by the same index sets Θ and T , let
(εϑ,t )ϑ∈Θ,t∈T be a family of nonnegative real numbers and let (Gϑ,t )(ϑ,t)∈Θ×T
be a family of closed convex sets of bounded B-measurable functions, such that
0 ∈ Gϑ,t ⊆ Mb (Ω2 , Bt ). Let L be a compact convex set of (At )t∈T /(Bt )t∈T adapted stochastic operator S : L(E) 7→ ba(Ω2 , B). Suppose that for any finite
set Θ0 × T0 ⊆ Θ × T and any selection (gϑ,t )ϑ∈Θ0 ,t∈T0 of functions gϑ,t ∈ Gϑ,t
there exists an S ∈ L such that
Z
Z
gϑ,t dS(Pϑ ) ≤ gϑ,t dQϑ + εϑ,t for all ϑ ∈ Θ0 and t ∈ T0 .
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Then there exists an Se ∈ L such that
Z
e ϑ ) − Qϑ ]) ≤ εϑ,t
sup ( g d[S(P
g∈Gϑ,t

for all ϑ ∈ Θ and t ∈ T .

Remark B.2 Theorem B.1 is an immediate consequence of Theorem B.2 and
Theorem B.2 can be proved in a completely analogous way as Theorem 5.1
has been proved. Even in the non adapted case (i.e. T = {t0 }) and even
if we assume that the loss function space is independent of the parameter (i.e.
Gϑ = G) Theorem B.2 still remains very interesting as is shown by the following
example on stochastic orders:

Example B.1 Let F denote the family of all measurable monotone increasing
functions f : IR → [0, 1]. Suppose that we are given two families (Pϑ )ϑ∈Θ and
(Qϑ )ϑ∈Θ of probability measures on (IR, B) (with B the Borel σ-algebra on IR).
Suppose further that for any finite set Θ0 ⊂ Θ and any family (fϑ )ϑ∈Θ0 of
functions fϑ ∈ F there exists a stochastic operator M such that for all ϑ ∈ Θ0
Z
fϑ d[M (Pϑ ) − Qϑ ] ≤ 0
and ∀ϑ ∈ Θ
Z

Z
arctan(x) d[M (Pϑ )](x) =

arctan(x) dPϑ (x)

Then there exists a stochastic operator M̃ such that
Z
sup sup f d[M̃ (Pϑ ) − Qϑ ] ≤ 0;
ϑ∈Θ f ∈F

and ∀ϑ ∈ Θ
Z

Z
arctan(x) d[M̃ (Pϑ )](x) =

arctan(x) dPϑ (x)

i.e. there exists a stochastic operator M̃ such that M̃ (Pϑ ) (1)
≤ Qϑ for all ϑ ∈ Θ,
with (1)
≤ the stochastic order defined in Section 1.2 of [9] and M̃ preserves for
all θ the integral over the arctan function.
To see that the example holds simply apply Theorem B.2 in the case that
there is no filtration (i.e. T = {t0 }), that Gϑ,t0 = F for all ϑ ∈ Θ, that L is the
set of all stochastic operators M with
Z
Z
arctan(x) d[M (Pϑ )](x) = arctan(x) dPϑ (x) ∀ϑ ∈ Θ
and note that F induces the relation
R
R
f dµ1 ≤ f dµ2 for all f ∈ F .

(1)
≤
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in the sense of [9]; i.e. µ1 (1)
≤ µ2 ⇔

C

Reversing the role of stochastic operators and
experiments

It is possible to reverse the role of the space of stochastic operators and the
experiment E := (Ω, A, (Pϑ )ϑ∈Θ ) in Theorem 2.2. To be more precise we state
and prove the following Theorem:

Theorem C.1 Let Θ be an index set. Let Υ ⊂ ba(Ω, A) be compact and convex. Let (fϑ )ϑ∈Θ be a family of functions from L(Ω, A, Υ) to ba(Ω2 , B) and let
(Qϑ )ϑ∈Θ be a family of elements of ba(Ω2 , B). Denote by Mb (Ω2 , B) the space
of bounded measurable real valued functions endowed with the supremum norm.
Suppose that for any finite set Θ0 ⊆ Θ and any family (gϑ )ϑ∈Θ of functions
gϑ ∈ Mb (Ω2 , B) with supx∈Ω2 |gϑ | ≤ 1 there exists a P ∈ Υ such that
Z
Z
gϑ d[fϑ (P )] ≤ gϑ dQϑ + εϑ .
Then there exists a P ∈ Υ such that ∀ϑ ∈ Θ
kfϑ (P ) − Qϑ k ≤ εϑ .

Remark C.1 The functions fϑ : L(Ω, A, Υ) 7→ ba(Ω2 , B) can be arbitrary.
They can of course be of the form fϑ = Sϑ or fϑ = Sϑ − id, with id the identity
on L(Ω, A) and (Sϑ )ϑ∈Θ a family of stochastic operators. If we let fϑ = Sϑ − id
and Qϑ = 0 for all ϑ ∈ Θ then we obtain the following corollary:
Corollary C.1 Let Υ ⊂ ba(Ω, A) be compact and convex and let (Sϑ )ϑ∈Θ be
a family of stochastic operators from L(Ω, A, Υ) to ba(Ω2 , B). Suppose that
for any finite Θ0 ⊆ Θ and any family (gϑ )ϑ∈Θ0 with gϑ ∈ Mb (Ω2 , B) and
supx∈Ω2 |gϑ | ≤ 1 there exists a µ ∈ Υ with
Z
gϑ d[Sϑ (µ) − µ] ≤ εϑ .
Then there exists a µ in Υ such that for all ϑ ∈ Θ we have
kSϑ (µ) − µk ≤ εϑ .

Proof of Theorem C.1 To obtain Theorem C.1 simply apply Theorem 4.1
with vϑ = fϑ , wϑ = Qϑ , L = Υ, G := {g ∈ Mb (Ω2 , B) | |g| ≤ 1} in a completely
analogous way as in the derivation of Theorem 2.2 from Theorem 4.1.
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